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Eq. of Tangend":- メーカ=1) (-)d xd

(Y-2) = 2 (x-)

4-2 = xa

= x-7-2 =0

=4x-dy -a=0

the sequired E. f Tangent.
Is

E9. of Normel-

ノーター

) (2-x1)

4-½ =-4

(-) テー

a

2y-a = -x + 2

2

2x+44-3a 20

Is the sequired &. of Normal.

&g. of Tangent and Normal at (2/½-2/½)

こ(dn
(-22)

3() ()

212)(-%)-22(-2)

3a²+ a

4

-a2 + a²

2
at x

a

-2

3. 49 Tangend: ソーソン (1) (スーズ)= (o d xp

(Y+) =-2(x-2)

4a+
-4

2
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Now for langent Pasallel to Y-axis.

dy

Put in !)

ay-x² as

y-ae

ytax = o

y ax

=> x= 4/ زار

put in

>

=>

نازر

3а

3
2a

3

3

7
こ 22 ivs

a

/3
4.a22=

1/3 V3

Hence lougent will porallel to y-ax's at  (4a, 2a)
#7 xy 12 25+441 ر

Difg. wint 'r
Som+124+12x dу dy

de

(12x+8y) = - Sox+124
dn 1

ady Sox+1242

dx 12x+ 84

The langent will paraillel to x-axis if
ody80
dx

Sox flay = 0 =7 Sox+124=0-

12x+ 87



=> 25x+6y=0
6
2s

Put in ci)

Put in (ii)

یزاد

25(一) +12(一)y=

36² 22

25

se

y²( 36-72+100) = 125

2 64
Y

25
25

y=
64

8

- ()
3

x=_

20

8

3

20

Hence the langent is parallel to X-axis at-

(-20 /8) ad (3/20,  -5/8).

Now the langent will parallel to X-akis
dy =

dx

Put in ci)

Sox+12y

12x+84

12x+84 =0

3x+2y=0

y = - 3x ivs
2

25x +12x(-22) +4 (-½ x)"=
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(5+ 16)=>

2) +) = ca and seb sinon

p²(1) = (a as0)"+ (bsino)"
= p"= (a Gs8)"+ (bsind)"

4

Is as seqwired.

O#9. The langand at any point or the curve nrze

makes intikcepts pad of om the coordinate axss.
Show thal

-3/2 -3/2 -1½ -3/2

Soln

The given eq. of the curve is

x²+ 4³= 223A) B(0,9)

Eg. of the langent at any Pt PlxisYi)
will be

xi x + Y y = 203

PCメ
12

Alp,o) lies on the langent p

3
: pxi+ 0= 22

010,0) A(p,o)
?x

22

2a3

P

12 3/2

ر 3/2 9/2

22

16/2

Also Bla2) lies on the langent
0 +4q = 2a 3

دد

E

3
9/2

2

3/2
a

=2

么
a

زد

22

3/1

نار
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123
2 3

+
22

3/ 3

2
2

2

=>

63/2

5-3/2

23/29/2a
2223

3/
2

243
2

62+ 2

-3/2

-312

As requised

23/2/2

-1/2-3/2
2a

Ang le of intersectios of luwo curves: OR

Ang le betwees. the two cusues.-

Def: Angle betreeen liws curves at their common point of x

is defired as the angle bet ween the langents at this point.

o

Find the angle of intrsection of the given curves (10-12)

#20 The parabdas yoçae and i'shby at the point-
other then (0,0).

The given curces are
y- 4ax

x24by

i)=>
2

4a
_ ci!!)

Put in cii)
2

(46y

4
4

= 4by = 4= 64aby
16a

Y-640t by s0 1( y²-64atb) =0
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#14

a9

199

b-b

a-91 b-b
こ

9a

a a b b
2

aa, aa bb, bbi

2

91 b b

2

Is the sequised condition.

Show Thal the pedal egr. of the ellipse
y

+

is +

b 52

Seln.

Here the er of an ellipse is

Diff. iis w.n.t. ix
2x dy O

a2

dy 2xb²こ

dn
a22y

dy bx
2

dm aty

tel Pex,oY,). be the print where the langent is drawn.
bx

Ther
024

P

If. p is the lengith of the I yromd f the langent
thefsom 010,0)
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ra² 2 62

birat)a y²
6-22

Put in 14)

r²= x²+ ottr=a²)
b²-a

xỉ²= r b*(r=a²)
6+-a2

c² r²bt-r²a²-br+ be²

2

622

2²(6-12

62-22

A)=>

b

p

2
2 +

24 6

a²16²r (ニュ
2 + 62-a2

24 b4

6²-r2 a²
+

b2 ²(bes) 6²(62t)

b(b²-r²) + e²(r²a²)

ab²(6²-a²)

bt- Br²+ atr a"

い

a6² (6²-a²

b4-a" + r2(a²_b²)

b2 a²6(6²-2)

(b=204a) - icb-a)
26(6-a)

(6²+ 2²-r²]6-a²)
2²6²(6²-a2)

(6)
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p =

3

NI+

3

的

+

2

21

6

X +

N
κ

2

3
ス

3

2

2,2
6

p

3と

²( + it)

√xi (+ Y

1 12

1/4+/2

2

By wsing 23+6 = (a4b)²- 3ab(2+b)

1/24
p=

3

| (  4 ) - 3(後)(例)(赤)
/e

2

3 3
2

247
4

3

2



> ☐
2

b²

We know

3

4 3
C

26 2

C

3c
22

2

c

2

Thal 2

+

42
자

r2
from (iis

2
ci

リ

22 r²

we hanePut in

3

b
2

r
12

3
+ 2

b+ r2 c2

(زنار

Is as requised.

0#16. Show thet from any poiut thee normals con
be draws to a parabola ysam ad the semm ef

slopes of the thiee nor mals is gero.
soln

We know thot the ep. of the
normal to the parabola

y+=4ax

is y= иж -готи-оm²
3

=> am²+ 2am-mx+y =0

am+ om +122-x)m+y=0

this eq is cubic is in m

:n We have three values of m from this eq.



m being slape of the normal we can say that
three normals can be drawin lo this pasabola.

If mim and m3 are the hools of this ar.

then. we lenow thol

m,+m2+M3=-Co-eff. of m

Ca-eff. of m?

이
2

a

이

Hence the Sum of the slopes of
the three normals is gere.

ax²+ bx+C 50

If & ẞ ase the soots

ther dpß=-

B= 2

Similarly for

ax²+bx²+Cx+d=o

+p+r= -

dp+xr+pr= a

8Br=-%

#17. Show thet tangents at the ens of a focal
chord of a para bela inter  sret at reght aingles on
the disectrie. (to unelesstand this question see Emmple8).

Sotn tit the focal chord чаB) t)
Y

of the parabola
y²= 4axcis

having the fouss at

F(a,0). let Alati, lat,)

adf at ate) be
eulrimilies o

the t focal Chornd.

이 F(a,o)

then we know that if
(at,swat,) ad (ats, ate)

X+20 B(at

y. 2at, = 2a(x+at

be the entrimites of a jocal chard then ty at
なュー1 ci!) |using 7Y1= 2a(x4)

Also the equations of the langent's at AodB
ase

t y = x+ ati = x-tiy+oti so
0 rig

2
2

tzy = x+ ot" x-ty + at =0 civs

Now

mi slepe of the langent at A=_ Geft.  cf  *
CGeff. ogy
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1x

4)=>
al

همل

xi=-atl

2

b²m

b²m
ニー

n

Hence the pont of contact is (-,-)
the point lie on the live

atl b²m

)+ m(-bm=+ n=0

al202
+ (- bm²)

n n

ảể² m²6² +n=0

2

=7 ns atl + m²b²
n

n²= a l²+ m' b²

is the requined. conditiom.
#20 show that the condilion thal normals

at that prints (y,),Y d 1t3, 43) or

the ellipse +=1 may be concunent is

2 2 222 =0

3 43 2373

Soln ghe

We

given er. of the ellipse is
키 />

abt

know that the eg. of the normal at ixist) is
ax+ b7= a-b²
a²x

X by ,Y

2xy, + b²yx, = (a²_b²) x,4 _ (2)



Similerly the equetins of the normals at eksryed ad (3ry3
are

axye t by xx = (a-bう(スとる)
and axy +8yx3 = (225) (x393)

13)

(4)

> The Condilion is

2 bx (22)

a bx (ah-3 soYe
243 bx3 (ピーピー) (3)

x X,4

2b(2-6) 72 X2Y2 이

Y3 X3 X3 Y3

X

-2-610-6) X2 ム 22 2 20

X3 7з X37و

κ

Y ,Y1

2 72 X242 20

23 73 23 73

0

Is the regnised condition.

# 2! If a Tangenl lo the ellipse

with centre C. meelo the major and as 2=1minor a ns

in Tod t prove thal

Soln

is

a

CT

Here eg. of the ellipse

a2 b²
=1 _ (1)

eq. of the langent at

any pont of the ellipse is

2

+

b2

62

tct

12)

iNersection of langent with major Axis:-

(フッツ)
PlaCos&, bsinE

C(0,0) T



=>

Piut

20

in (2)

XX
+021

22

= = x=
자

=) Tle corrdivnales of I are (30).

I of langent with minor ani's!-
20

put in 12)

O+ YY =1

以

62

=) tThe coosdinates of t are (o,).
Now

2

CT=1-0) c0-0) => ст

squering ICT) (3)

ad at =

た

2

3) a2

CT

2

4) => 2

62 ct²

3+4 =>
2 2

=

_ (4)

a 62

こ +
2

CT

a22 2
b1

+

ст ct2

is as seguined.

2

(5)
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(5) + (6) =>

+

a2

2 (Sino-Sine)

Sint 21

(aso - Gra

sine

(sino- sin )² + (Gso-casos

リ
sint 2

Sin ố+ sin o-2sinesino +GSO+ as  o'-2asoso

Sina

2 - 2 (GsoGO+ sino'sino)/sint  2t
2C1- Caslo-0))

sinta

2(1- Caseх)こ

(2sindcasj²

2. 2 sin²

4 sin Cas

G

こ seed
at 92

Is as required.

#23. Shas that bous of the feet of the pespendi

culars from the foci on ary laingent to an ellipse

is the auxiliory cirele ad prodect of th (иуа

lengths of perpondiculars is equal to sqиare oт

the remi-minor aeis.

Soln M

Here ellipse is
2

a b

N

We know that the square

of the laugent al avy
point on the celipse can be

Writtien in the form

F'(-ae,0) F(aeso)



Slape of

Y=mx + NamJam+b

the langent = m

_ (is

Slope of the perpendiculas to the langeul"=- m
Eg. of the perpendicular from Fiae, o) lo the

langent is

(4-0(-(x-ae)

my = -x+ae

⇒ my = qe

Elimination of m
y-mx = Na²m²+b²

Squaving and aadding (iil ed viis

=>

_ iis

2

exemy)²+ ey-mes²= ate² +da²m²+b-)

x+my + 2xmy+ y² + mx-2ymx = ae+ am tbf

("+m) x²+Utmi)y² = a²(e²+m²) +b²
(+)(ベイプ) = ant act at - ảc

2

(Hm)(x²+4²) = am²+a²
(1+m²)x²+y²) = 2²(I+ m)

x + y = a (ivs

- b²s a²-ete²
2

Let Producl of ts FNadEM on the leingent"= 6²
Then 1) xm-y + la² m+b²= 0

NOW IFNI = Distänce. of f from the largent

Similarly

I mae-o + √a²m²+ b+

mti

Imae +am+92/
m+1

IFMI = I-mae +Na²m+6%
Itm²

(mae +hatm²+  b²) (Wam + b² - mae)IFN.IEMI =
m't1

IFNI.IÉMI
am+6- m²a+e

m²tl
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l= ee -e -e +1

o= ed²-e²-e²
122 12

efe"= ee

by ece's² we heme

+

(ést ez

+

مال

2

Is as sequised.

QH2s. Shar thal the alrymptotss of the hyperbola
22

and the lines adrawt prom any point on the

hyperbele porallel to the arymp tetes forn a
ab

paralelogran of contant ares a y

Y-

Paco, blano)

Soln

Here hyperbola is t=1b²

ad eg. og the arymptate is y= t b

ミ

let P= (a seco, blano be any pt. on the hyperbola.
Let the live drawn at P Il to the asymplale's meels the

wympleles Aest at p'ad 2
Eq. of live through por drews from p 11 lo the



asymplete y = x

: ghe asymplote and live drawn from p ase I!.
: yhe slope of the aymplate and line are equal

ie the Hope of line = a

Now Eq. of the live drawn from p is
y- bland = in-a seco) (2)a

Also eq. of the asymplete is
y=-x (3)

p'is the pt. of intersection of c2) ades
Put 13) in (2)

⇒

-x-blano = 2x-b seco
6 beco b lano = b 是x

b(heco-lano) = 26xa
x =((Seco- lano).2

Put (4) in (3)

y=-. (seco- lano)
( heco- lano)一
ב

Honce the coordinates of p are

Now

(4)

a

(seco-lano), -2 reco- lăno)

am

vector area of the I opP& =afeco.

K

blano 이

(seco-lano) -heco-tan

3/

=[- (hec  O-hecO lan)) - triec Olin3  -la)2

=-(seco-secd lan o =  beco  lamo-lano)
学abk4

a

am

Hence aree N

ab
i.e the area д11 2

Is as requised.

a
2
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cteact' ct't"-ct =0
ct'(tt+1)- ct(t't +1)=0

(ct'-ct) (t't31)=0

cctht) c t'++1)=0
t't1 =0

ttュー

or t3t'=-1

Is as sequwised.

ttt

0# 28 Prove that if P is any point on a byperbola

with foci fad.F, the langenl at. P bisecls thia

angle F'PF.

Pl
as
ce
E,

 bt
an
o)

Sn

Consider the hyperbola

having the pt.
Pla heco, blano) on il.

α

M2

F(-ae,o) Flaeso)

ニ

a b2 dx

a2y

= blope of the langenl at P (dy/da)
mi baheco

ab Tano

bseco
m= نار

a lano

m₂= slope f PE
42-Y1 6lano -0

22-X1 a sec O-ae

b lano
m 2

a seco-ae

Now land
m2-mi

i+ mmi
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Now d2= IFB) = Dislance of Ec-ae, o) from the langent line

as I- baecesho-o-abы

√ b²  Csh²o + a²  sinh9

Неnce d, =
ab(e Cash0-1)

bsho ia Sinh²0

Now

هلل

de ableCasho + 1)

No Cish²o+ a²5h28

d,dz abceGsho-1).ab(e Csho +1)

N b GsR  O  + & Snho. TiGshto& Sink o

2

a²b²(e cash²o-1) ab  ²(e @shio-1)
=>

bGsh²O + a Sinh² b CashO + (ash²0-1)

atblecash0-1)
=> a²b(e @sh8-1)

2

b Cos ho + a Cashio-at (a +b) Cash0-a²

a²b²leGsh²0-1)い

a²e Cash²o-a2

at bt(e cash²8-1)
7

at(éashio-1)
b2=

2 Conslal.

Is as sequised.



#30 Find an equation of a normal to the hyperbola
1 in the foros29

Ax by

sece Tаm

PAve That the normal is eatesnal

ang le between the foeal dintances
Soln.

The eg. of tha
hyperbola is

a2 6²

Biff. ci) wr.t to

ad b2 te

dy b

azy

F'l-aeso),

bisector of the
of it's fost.

Nomal

B p(a
toc

Osb
ud)

 tay
ail

Mi

F(ae,o)

dy S ba seco

a b lano

b

a Sino

Houce. The slope of the normal is- asince ad equatimb

of the normal at.P is
a Sin

Y-blano = 1x-a seco)
b

e2 sinby-blan= -ax Sino + o
Gs

by.--bлейо = -ae sino+ a² Tam

by ax Sin = a lano + b lano

by + ax Sino = (a²t6) lno

by+ ae Sin a²+6²
Tano Sin

Caso

by
+ ax Sino s = a+62

Tano Sino

by ax
+

Tam hec
Is the sep wireld eq. of normal.
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yo -h+√h²-ab 一 (2)

b
ad

7.2 22

b
(3)

Now from 123 and 13) it is cleas that the hepes

of the lines
are

-htth²-ab
M,=

b

M2

ーーー

if 0 1s the saguiseds angle then we bnow tlel

1m, -mi/Tan =

こ

It m,m -9/ba-h√ +h- -h-1h²-ab

b

th²-ab.)
-h+/ht-ab+h+

b

B + (-h + h²-ab) (-h-Nh²-ab)

adh-ab

b
-☑

2b th-ab

62 - Chab)

2914-ab2

bb-hab

2

Tan O z2

2h²-ab
b(a+ b)

62

(4)
a+b

Hence = Tan! (thnab)
Now

=> Tan O =0
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where

CaAC)

ACx+ )² =-2P(4- G=AC)2 FA

2f

A 2FA

(x+ -45(4-GAC)2

2A 2AF

2 イ

2

X2x-, Y =
Y Q:AC

2AP

which repsescut a parabota.

If Afo, B= 0 in addilion do this. F is also

equal lo zero.

Cra

2

so Sj AtraGi +C=0

then this will sepresent Lwo. traighl Sines.

If A=o, B0 Then

S)=> O+By "+2Gx+2fy+ C=0

Bỷ + 2 Fyc-2Gx-c

B ( + 2) =-2Gx-c

2

B B

2-26-0

B (4) -240-0
B 13

B(4+ )²=2Gx+ 13

B(Y'+ E)- 24x+
_ BC

BY4₤)²= -25)2+2

200

> (Y+)- 29(x- Ft-Bс
3 2B4

E²44
2B 2B4

y² =-45 X
2B

1

}
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We Rnow That eqnelion of the Langent at Pis
x-ty + at= o (See exp. 8]

For the coordinales of A A put yz0 then
2

x-0+at =0

n= -at

=> Coorolisales of A (-at", o)
Ssimilarly equation of the normal at pis

tx+y- 2at- at³=o

Por the coordinales of B put 4=0., then

tx +0-2at- at

tx = zat+ at 3

Now

x= 2a + at2

cordinatis of B are ( rarat",)

IEPI iat²- a)²  + ( 2at -012

a t at

IFAI = √1a+ at²² + (0-0

atat² (2)

IFB/ 2 ( 22 + att - a n coost

flarat2

2 a+ at (3)

(1) د (2) هنحل ند ےر

1RP) 2 IFAl = IF BI

as requised.

Diametir of a Parabota.

The locus of the midolle pts. of farallel chords of a
parabola is called the

Diameler of the parabote.
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Dimeln of an ellipse :-
The locus..of the middle pts. of parallel chareks of

an ellipse is called diameter of the ellipse

Equation of the Diameler
眾A an Ellipse

Consider that ÃB is one

of the porallel chords of
the ellipse x+=

a62

A(2014)

Clhik)

Lel A ad B has coor dinaлеs

(Y) cd (x, 72) resp. B(x22)

カ
CCh, k) is the mid point of AB. Then

we omsider that &y. of the chord AB is

y= me+ C

Put in 11)

(3)

x² (mu +c)²
+ 2/

a2

6x+ a² (mx+cs = ab2

brtamn² +a 0+ 2a²cmx -ab²=0

(b+am) + 2mca²x + a²c 6=0

which is quadratic inx.

2

2X+12
ad ka 2

2

(21

: rf e od te ase the sools of the equal m then
2mca²

X+22
b²+am²

x+12 mca²
2

2 222
bia²m²

4

2
mc a

い 14)

Bram2

C(h.k) lies on AB whose equalion is
Y=mxt c



Ghen K= mh +C

K-mh =C

Put this value of C in (4)54 ma² (k-mh)

b+ a²m²

hcbt ảm²) = - mat(k-mh(
2

hbt ham=-mak + mah

49 =- mảk

k= h9²
mor

Thus the equation of the diameler is

Ghe oren.

9-b x

ma

1) Prove thal distance of a pt. Pon an ellipse from the

fous = e limes ils dlintance from the corresponding

directrix.

2) Also prove that

IPEH IPF1o Castant.

Proof
) tet the pt. PraCas O,

bsine) on the ellipse

having the fous (ae, o)

ad I(- ae, o). Caute al
a

0(0,0) ad x= I 2e

ites directrin.
メー

Pe
ac
as
e,

 bs
in
)

Fl-aeso) 101 Flae,o)

2

NowI PR²= (ae- acaso + 10- b sino)"

2

a acroso - ie Caro + 6t sint o
2 CasO a²e²-2ae Gso + b² (1- Gs²o)

2 ² 0+ de-2ãe Caso + bt_ b² Casto

2 (2-6) CiO + b+ae_2 ãe Coaso

= (a²-b²) Ca50 + a²- 2a²e Cso
= a²e Cas o + a² 2ae Cas o

2 a²( e Caso+1- de caso)

(2)

e

a²b²= a²e²

ao btee²
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Qustion

Find the locus of the intersection of normals là the
parabola. y =yax inlined at sighl angle lo each other.

solatim

The equation of the parabda
40x

then the epration of the normal is
4 2 mx-2am-am³

رد if ax  + ba* (x +d  20
ad xi,xt; be the

sools, then

if the pt. PexioYi) lies on it then

41 = mx, -2am -am²

am³ tom²+ (2a-x,)m +4,=0

Now if mi, ma ad m3 ase the sools then
m,m₂ mg =l-1) (3)a

bince given that lwo of the sormals are 1

M. M₂ =-1 put inu)

-M3 2-

= M3

a

a

But. mz is the soot of cas

Thees

a. + (20) + 7,00
a + (2a-x4) +4,=0aa3

4 + (2a-x) a4, + at4=0
3

4+ 22y-ax,  Y, +24, = 03

4+ 3ay, - axy = 0

the louss of the pt.(4,Y) is3
4 +324-any=0

y³+32y-aхузо
7(y+3a²-2x) 20

= 420, 4²+3a²-ax=0

ye, y²= Qx-32²

=>y20 , 4s. a(x-30)

as sequined.

x,  x+ * x *x x

3d
22 32-13 a

__  (2)



Quention. hhow that the langent at one oxtimity og a
focal chord of a parabada is porallel to the normal at

the other entrimily.
Selation. Aca

t  s2t
)

Consider that the focal cвord

AB од the parebola y=yax-us

We know that the coordinalis of the
entrimities are as shown.

Diff. ), we hove

=

Now

B

(六)
xdy 20 (2)

de

dy
2y0 = 42
dx

(210)

m, = slepe obof the langent at A
2ady

dx 2at

m,= (3)

Now M2 = rlope of the langent at B

d
P

dn -24

24

m₂= -t

tet mz2 hlope of the normal at B

From

2

m2

2

-t t

(3) هم (5)

MI= M3

(4)

=> The langerl at one contsimity of a focal chord ofa
porabda is paralld to the normal at the other

ectrimily
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Now poioks of. contact are

A( at, 2at) adBL(-2)
Eq. of the line parking through A ad B is

4-Y メー
2

72-7 X2-X,

カューカ
ソー

Putling the
valuss

4- 2al=

y-2at

4-2al =

X2-X
(メ-X1)

-202al-

a

-at²
t2a- 2at2

a-

7

t

at

20 (142)

(x- at²)

(x- at²)

t
n-at²)

a(1-1")

4-2at =-2(1+t²st (x-att)
いでしょ

4-2at 2t (x--at3 ——  (

ユーノ

Now the forus is (a, o) put in14)

0-2a1 = - 21 i a-at²)
-2at 21-1-t2

-all-t
ノー2

-2at =2al-

=> ghe Chord joning A edB passes through the
focus.

Question. It the langent at p og a parabote meels the

dinectrix at K.. then prove tlal PFK is right
angle, where f is the fous.

Solatiom

we know that the eg.

of the langent to the
Parabola at p is

ty=x+ ag

but at K, x=-a

put in (1)

K

Ο Fla,o)

2405O
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